













































Geometry torsionandrvature

177 smooth manifold
satisfies orientable and spinnable

I B
W TM 0 Wa TM 0

A G structure onM exists W M W2M
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eg 1127
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sloff Wallach spaces
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A G structure on M ye R M
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x v7 local coordinates on 177

2
19 1 6 14 6Big he's i dnt

Bij Bji

19j a.IE

Q is a Ga structure positive3 form non degenerate

4 0

gig
is aRiemannianmetric and volumeform

In a nutshell

a e r M no g dm non linear
way



I M is an opensubbundleof 13 M

Deff A 42 structure 4 is called torsionfree
if Tp 0 where x ̅ is the Levi Civita

connection of 9g

highly nontrivial problemtofindQ's a xQ̅ 0

Lemma In local coordinates we have the following
contraction identities

Y Ye R M

1 Yijklabk DijkUabcg GiaGib GibIja
Vijab

2 DijkHajic 79in 69 a
0 69in



3 DijkYasck YijkVased9ᵗʰ
Gialjbctgiblajctgiclabj

9jallisc 9jblaic gjc.clasi

Decomposition of 1 into irreducible Ga
representations

23 2 274 7and14 are pointwise
dimensions

23 23 R 2327

RY 23 RY 24.017
25 s RF



s xp xer TM per 61 3 213

244 Best pay 0 per leap β

P 3 13

P p yap if β Bijdmindres

PP ab BijYasij BigYasedgigid

P is a self adjointmap diagonalizable
w

Them real eigenvalues

Px β7 α PP

PB as Yabij PP ij

Yabij BmnYijmn

Bmr 49amGbn 4JanGbm 2Yasma



2Pas PB ab

P 21 P r P 21 P I 0

8 the eigenvalues for P are 2 and 1

Bije R Bij Xmlm.jo 8 YabijPij 2Pab

Pij eshy BigDijm 0 YabisPij 1Pas

Explicit description ofthedecompositionof 13 M

A E F TM TM i e A is a S 1 tensor

eat GL TM



eat 4 Hijk ett dni n ett dui n eAtdk

Define

A 4 1 ett a no infinitesimal

action of GLAIR

on Q

given any 2
tensor A onM

FAipUpplipkti.jpjk Aj4 ijAxpl
Linearalgebra

T TM RM 2 S 2
Symmetric Fewsymmetric

1 580170134



A
1

A g Ao At Any

wehave a linearmap

A Axe

The kernelof the map A And is preciselymy

Ars A 4 maps the space 10 S 2

isomorphically onto 2 23 or

Axe A P 1,1 time
237 137

s

This gives me



A to It 17 14

a e A e 2 i e w Aa
2 tensor

23 Ate

237 127762

Torsionof a G structure

The let XE P TM Then the 3 form XP which

a priori can lie in 2 R 137 actually lies

in the subspace s

In other words TQ P T M 1 7 MI

Proof Suppose 8 23 M arbitrary
we know 8 A 4 for some unique
A 1 trA g Aot Ay



8 e A 4 7 47

1 A Dijk Fx 6 ijk A DijkFx6asggg

AipUpjktAjplipktAkpli.jp XmVmUijk

1AipUpjkXmYmDijk

AipXmUpjk Im Dijk
Jewini andp

recall
DijkUpjk 6Gip

differentiate bothsides

1mDijk Upjic Dijk Im Opjk 651mg
p

ImUijk Upjk mQpjk Lijk



only the skewpart of A will giveany nonzero
contribution

Axa 7 47 At 0 e

I is orthogonal to 027

Tx Q E 137

7 4 E s XS Y ERCTM

Tx6TCDJI
whereTEPM Tis a 2 tensor

Deff The 2 tensor T is called the full
torsion tensor of Q and is explicitly

given in local coordinates as

Tij I Uasc Yjabc



JYmllijk
Tmpupijkfcafeeooff o ot 0

IT IIIg 727 77 714

F
T T 727 TATTY

Ti's are called intrinsic torsion forms

T O 0 8 Ti O F i 1,27 7 and14

Thm Fernandez Gray 86

let p be a G structure onM Then Q is torsionfree

dy o and d p 0 i e Q is both



closed and co closed

44 0 dy o and d p o dy o

8 obvious d p 0 d a 0

dy o
d is the skew symmetrization

of x ̅

8 Visijic

dye 2 2407027

d y e s 27014

do and I'd are linear in IQ to doandd'd

are linear in T

Schur's Lemma independent componentsof
dg and dy components of Tin

13,274 2
07 27



components are T 77 Ty 727

if dy 0 andd y 0 7 0 77 Try 3

7 0 70 0

In otherwords questionof finding Torsion free
G structures

TP 0

0 0 dy o and die 0

ReatinshpblwanvatreofgyandI.IM
Karigiannis 09 G Bianchi identity

Let 117 6 9g T torsion

FiTjk VjTik TiaTjblabk RijabDabk

TiaTjb Rijab Uabk



TiaTjb 1Rijas Omnkgamg
bn

Rigas are the components of the 4,0 Riemann

curvaturetensor

Proof Tjx VjUabc Kabc

Ti Tjk 214 Ti TjDase Kabc

14 glass Vi Kabc

TjTik 4 Tj Ti Dase Wasc

y
Filase Tj Kase

it c I Tc FFFFEEYie.se
YeabC

14 Uasc Titicase
i j



Come The Ricci curvature of 9

Rik Vi Tjp Vj Tp Ripk TjpTpk
TrT Tjx TjeTpqUpger

Ibm Bonan 1966

M7 6 w Q torsion free areRicci flat

UTF 74 0 7 0 Ric 0

M w compact

Torsion free G structure are the only sourcesof
Ricci flatmanifolds in odddimensions yet

The let M7 4 be a manifold w a Gastructure

Then TFAE

1 4 is torsion free



2 Hollg G2

3 76 0

4 dy d y o onM

Pre let 17,6 g be a compactmanifolds
torsion fee Q Then Hol g 92 TIM

is finite

Holly can be idE SU 2 SU 3 or 92

Suppose Mis compactand 44 0

Ricg 0

I Cheeger Gromoll splitting theorem
Yhalla fiftconceFIometric to

TK xN where T is the R dim



ftp.manisampafang
simply connected

117 hasfinite comor isometric to XN

w N simply connected

TILM E F Zk

F is a finitegroup

1 7 ME no g 19

12 3 ME XN Hol g 50 2

k I MET'XN6 Ho g SO 3

1 0 M Nt Hol g 92

TI M FαZ
F which isfinite



Today
saw explicit decomposition off in termsof
data from p

explicity description of T IQ andthe intusic

torsion form

TO 0 0 dQ o and day o

a 46 0 Ric 0

a compact M7 4 Hol g 92 Tanks

x o


